Abstract. In this note, we prove that given a Hecke-Maass cusp form f for SL 2 (Z) and a sufficiently large integer q = q 1 q 2 with q j ≍ √ q being prime numbers for j = 1, 2, there exists a primitive Dirichlet character χ of conductor q such that L 
Introduction
The special values of L-functions often carry important information, algebraic, analytic or geometric. Thus it is of the first importance to see whether it is nonzero. Moreover, in many applications, one is more concerned with that when two or more L-functions are simultaneous nonvanishing (see [1] , [6] , [8] , [10] for example). Recently, Das and Khan [3] showed that given a Hecke-Maass cusp form f for SL 2 (Z) and a sufficiently large prime q, there exists a primitive Dirichlet character χ of conductor q such that the product of L-values L 1 2 , f ⊗ χ and L 1 2 , χ does not vanish. More precisely, they proved the following asymptotic formula † χ mod q χ(−1)=1
+θ+ε , (1.1) where throughout the paper, the † means that the summation is over primitive characters and θ denotes the exponent towards the Ramanujan-Petersson conjecture for f , which can be taken as θ = +ε ,
where the implied constants depend on f and ε.
Corollary 1. Let f be a Hecke-Maass cusp form for SL 2 (Z). Let q = q 1 q 2 , q 1 , q 2 being primes and q 1 2 −ε ≪ q 1 ≪ q 1 2 +ε with ε > 0 an arbitrarily small constant. Then we have † Recently, Liu [9] proved an asymptotic formula for L 1 2 , f ⊗ χ L 1 2 , χ over the family of even primitive Dirichlet characters of conductors satisfying a special structure. More precisely, the Dirichlet character χ modulo q in Liu's case satisfies the conditions:
So the modulus of the Dirichlet character is not specified and our q in Corollary 1.1 is not included in Liu's modulus set. Since L(1, f ) = 0, we also have the following non-vanishing result.
Corollary 2. Let f be a fixed Hecke-Maass cusp form for SL 2 (Z). Then for every large integer q = q 1 q 2 , q 1 , q 2 being primes and q
+ε with ε > 0 an arbitrarily small constant, there exists a primitive Dirichlet character χ of conductor q such that the product of the central values L +ε in Corollary 1.1 can be removed using an unbalanced approximate functional equation in the proof. This can be seen more explicitly in the case that q is a prime. In fact, we can prove the following asymptotic formula. Theorem 1.2. Let f be a Hecke-Maass cusp form for SL 2 (Z) and let q be a prime number. For any ε > 0, we have †
where the implied constant depends on f and ε. Theorem 1.2 makes a slight improvement of (1.1). Its proof is similar as that of Theorem 1.1 and much easier. So we omit the details here.
Notation. In this paper, ε is an arbitrarily small positive constant which is not necessarily the same at each occurrence. Also, the implied constants in ≪ and O depend on f and ε throughout the paper.
Preliminaries
Let χ be an even primitive Dirichlet character modulo q. For Re(s) > 1 we define the Dirichlet L-function
which has analytic continuation to all s ∈ C and satisfies a functional equation relating s and 1 − s.
Let f be a Hecke-Maass cusp form for SL 2 (Z) with Laplace eigenvalue
which also has analytic continuation to the whole complex plane and satisfies a functional equation relating s and 1 − s. For L(s, χ) and L(s, f ⊗ χ), we have the following approximate functional equation (see [5] , Theorem 5.3).
For χ an even primitive Dirichlet character of modulus q, we have
, where V (y) = 1 2πi
(1)
The function V (y) has the following properties. for any ε > 0, and
for any A > 0 and j ≥ 0.
We need the following uniform estimate of Fourier coefficients in exponential sums (see [4] , Theorem 8.1).
Lemma 2.3. For any α ∈ R, we have
The following Voronoi formula can be found in [11] (see also [2] , Theorem 3.2).
Lemma 2.4. Let ψ be a fixed smooth function with compact support on R
where for σ > −1,
Notice that by shifting the contour of integration to Re(s) = A to any A > 0, we have
For small x, we move the contour of integration to Re(s) = −1 + ε to get
for any ε > 0. Applying the approximate functional equation in Lemma 2.1, we have †
where
We will show in the next two sections that
and
Then Theorem 1.1 follows from (3.1)-(3.3).
Estimation of S 1
In this section we prove (3.2). We write
. By the orthogonality of Dirichlet characters, we have for (mn, q) = 1,
Plugging (4.2) into (4.1) we have
Trivially, we have
Next, we show that S 11 contributes the main term.
+ε .
Proof. We write
where S 0 11 is the diagonal term from n = ±m and S ♭ 11 is the remaining terms. Then
.
By the definition of V (y) in (2.1), we have
Shifting the contour of integration to Re(u) = − 1 2 + ε, we have
Next we bound S ♭ 11 . By applying smooth partitions of unity to the variables m and n, we are led to estimating
+ε by the properties of V (y) in Lemma 2.2, where ω j (x), j = 1, 2, are smooth functions on [1, 2] satisfying ω j (x) ≪ j 1.
For M 1 < q/3, we have, trivially,
For M 1 ≥ q/3, the condition m = ±n is moot. Using the relation
where the * denotes that the summation is restricted by the condition (a, r) = 1, we have (notice that for q = q 1 q 2 , we have r = 1, q 1 , q 2 or q)
say. Trivially, we have
+ε . (4.9)
To estimate E 2 (±, M 1 , N 1 ), we note that (m, q) = 1 implies that q 1 |m or q 2 |m, whereas φ(q) q
+ε + q 3 4 +ε .
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Reducing the m-sum to the residue classes and applying Poisson summation formula, we have
By partial integration j times, we have
for any j ≥ 0. Thus
Now we consider the n-sum. By partial integration once and Lemma 2.3, we have
+ε + q Similarly, we have
+ε + q 3 4 +ε . (4.11)
In the following we bound
The contribution from (m, q) = 1 is
We have
where we have used the fact that the condition n ≡ ±mq 1 mod q 2 implies that mq 1 ≍ |k|q 2 , 1 ≤ |k| ≪ M 1 /q 2 . Similarly,
Therefore,
By Poisson summation formula, we have
By partial integration j times we have K(m, n) ≪ j 1 + |m|M q −j for any j ≥ 0. Thus
As before, by partial integration once and Lemma 2.3, we obtain, for M 1 ≥ q/3,
By (4.7)-(4.12), we obtain
+ε . (4.13)
Then Lemma 4.1 follows from (4.5), (4.6) and (4.13).
We estimate S 13 and S 14 similarly to get Lemma 4.2. For any ε > 0, we have
+ε + q 
Estimation of S 2
Recall that
. By the orthogonality of Dirichlet characters, we have
where m 1 m ≡ 1 mod q 1 and m 2 m ≡ 1 mod q 2 . Plugging (5.2) into (5.1), we obtain Proof. Applying smooth partitions of unity to the variables m and n, respectively, we need to bound
+ε for any ε > 0. Removing the condition (n, q) = 1 at a cost of
, we have
We distinguish three cases. Case I. For M 2 ≤ q β 1 , by partial integration once and Lemma 2.3, we have
Thus by (5.5), 
Plugging these estimates into (5.5), we obtain Applying Voronoi formula in Lemma 2.4 to the n-sum we get n-sum = q n≥1 λ f (n) n e ± γn q Ψ 
